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Introductory remarks

For many problems of the past, a relatively simple approach t o the evaluation of
Feynman integrals was su cient.

At most 1-loop (massless: 2-loop), typically 2! 2 scattering (plus bremsstrahlung)

Q Q ..... gi} ----- Tilim=1+1+(1+ =) +(1+ £ 3) 24

T1i1m SE2I2m SE2I0m B4I12m=| 14 In( s)] sz(ylln(y%)) +c +
ﬁ with d=4 2 and m=1 and
% _ pl 4=t 1
Y= Pa

V3Ilm B4I2m
Figure shows so-called master integrals.
Feynman parameters may be used and by direct integration ove r them one gets things
. 2 .
like: 2; Ini; Inlin™ Liy(l) etc.
With more complexity of the reaction (more legs) and more per turbative accuracy

(more loops), this approach appears to be not su ciently sop histicated.
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More loops

<

V6lam1l V6lamld V6lam2

Two-loop vertex integrals with six internal lines
massless case: only xed numbers and one scale factor

O O )

SE3I2M1m SE3I12M1md V412M2m
/ /\//
ﬁ N +
V4l2M2md V4I12M1m V412M1md

B

B5I12M2md B5I2M2m

Integrals with two di erent mass scales m and M




9 elpyl ‘peqeye|ly ‘ddvO3d } 6002 994 0Z-9T } uuewsry "1 pue eznor

%

i 4X

e 4

Two-loop box diagrams for massive 2! 2 scattering

Ty

Ks

A box master integral B512m2, related to B2 = B712m2 by shrink ing two lines
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More legs

Massive pentagon: 5 kinematic variables + several masses

Massless and massive hexagons: 8 kinematic variables + sevaal masses
Variables for 2! 2 scattering, i.e. box diagrams: s;t or s and cos
Variables for 2! 3 scattering: 5 = 2 + 3 (three additional momenta of a particle)

Variables for 2! 4 scattering: 8 =5 + 3 (another three additional)
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What are "Advanced Methods?"

High degree of automatization

Publicly available { or not ...

Go beyond the methods a la Passarino-Veltman and the relativ ely simple polylogs
Not yet completely worked out

Allow the solution of "Advanced Problems"
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L-loop n-point Feynman Integrals of tensor rank R with N
Internal lines

Internal loop momenta are k;; =1 L
Propagators have mass m; and momentum ¢; i =1 N andindices ; { see G(X)

External legs have momentum p.; e=1 n, with pZ= M2

X_ I X e 2 2
= [ cqgk+ dipe]® m;
=1 e=1

The N propagators are: |D; = ¢ m?

Feynman integrals have the following general form:
e et T ddkginiddk X (ki ;k|R)_|
(i d=2)L D,":::D;" :::D} '

|6(x) =

The numerator X may contain a tensor structure ( see later for more on that):

X(kll; ;klR) - (k|1Pel) (klR PeR) = (Pell PeRR) (k|11 k|RR)
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Tensor integrals

Tensor integrals appear naturally in Feynman diagrams, due to

fermion propagators
non-abelian triple-boson vertices
boson propagators in R gauges and unitary gauge

Example: Fermionic vacuum polarization

Z
1% g [k ma) [ (k+py)+ m]
(i 9=2) D D>
1 % g b

(mimz k* kp1)g +2k k +k p; + p.k

(i ©2) DD,

So, one needs also e cient ways to evaluate tensor integrals { see later
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Simple examples of scalar integrals

Z
1 ddk . _
Q Ag = i & D, I UV divergent:
Z d
g : j " By = 1 d’k I UV divergent

my (I d:2) D1D2
p1
m; ~
- " Co = L d’k | UV nite
ms o (i ¢=2) D;D,D3 '

P2
Dependent on conventions, where k starts to run in the loop, it is:

D, = k2 mf
D, = (k+p)® mj

D; = (k+pi+ p)? mj

d*k
k2
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Evaluate Feynman integrals

There are two strategies to solve a Feynman integral:

Reduction
Express the integral with the aid otcurrence relationby other, known integrals.
These are then thé/laster Integrals

Direct evaluation
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Introduce Feynman parameters

Z Z
1 (1 i+ N 1dx1"' 1de

D,'D,2:::D" (i ( N) o 0 (x1D1 + :::+ Xy Dp )N
withN = (+::: §.
The denominator ofG contains, after introduction of Feynman parametexs, the momentum
dependent functiorm? with index-exponeniN :

(m?) Car=r ) = (xyDy+ i+ xyDn) V= (kM ki 2Qikj + J) M

HereM is an(LxL )-matrix, Q = Q(X;; pe) an L-vector andJ = J(x;jX;; m?; Pe; Pe, )-
M;Q;J are linear inx;. The momentum integration is now simple:
Shift the momentak such thatm? has no linear term irk:
k = k+(M HQ;
m?> = kMk OM :Q+ J
RememberM o0 = 1, in general:

1

1 .
M= (det M) M

whereM is the transposed matrix tdM . The shift leaves the integral unchanged.

x.Ptix @ xein X))
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The shift leaves the integral unchanged (renaké k):

Z
G1) = Dk :::DkL .
(kMk +J OM 1Q)
Go Euclidean Rotate now thek® ! iK ¢ with k2! k2 (and again renamé&E ! k):
z E ... E VA e
( KEMKE+J QM 1Q) [kMk (J OM 1Q)]
Call
‘) = (3 QM 'Q)
and get
z Dkq:::DKk
G(1) = ( 1V (i) ST
(1) ( 17 ) (kMK + )"

For 1-loop integralsitisL =1;M =1 - and we will use nearly only those - we are ready to do the
k-integration.
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Additional step for L-loop integrals

For L-loops go on and nowliagonalize the matriXxV by a rotation:

k! k%) = V() k;
! ()KE(x);
Mdaiag (X) = (V H"MV 1 = (g5,
This leaves both the integration measure and the integralanant:
Z
. Dkq:::DkL
G(1) = ( DV () -p
(i ks )"
Rescale now thd;,
ko= ks
with
dki = ( ;) %2d%;;
\L
i = detM;
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and get the Euclidean integral to be calculated (and renaknke k):

Z
— N /:\L d=2 Dkl:::DkL
GA) = ( N (i)-(detM) T

Use now (remembering thabk = dk=(i 972)):
Z

L Dk, :::Dky _ N gL 1
(k2+ 10+ k2 + 2)" (N) (N d=2

L “ Dky:::Dk, k? _d N JL 1 1 _
(k2+ 10+ k2 + 2)" 2 (N) (YN d=2 1

These formulae follow for L = 1 immediately from any textbook.
See 'Mathematical Interlude'.

For L > 1, get it iteratively, with setting (k% + k3 + m?)N =(kZ+ M2)N M2 = ki + m?, etc.
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Mathematical interlude: d-dimensional integrals (I)

After the Wick rotation, the integrand of the momentum integtion is positive de nite.
Further it is independent of the angular variables.

The integral is understood as symmetric limit the in nity lnmdaries.
Z

dkk F(k¥) = 0
Z Z
dk F(k+ C) = d% F (k):

Introduced-dim. spherical coordinates. The vectirhas d components:

kg = rcos g 4 COS ¢
Ke 1 = d 1CO0S 4 1

ks = 3 COS 3

k2 = 2 sin

ki = oco0s

d 1 = dSin 4

%
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Mathematical interlude: d-dimensional integrals (I1)

The above is the direct generalization of the 3- or 4-dimensil phase space parametrization.

With these variables, the integral over the complaetadimensional phase space gets the
following form:

Z 4 y Z
dk F(k) = lim drrd ¥ dg4 qsin® 2 4 ;4
1 RI!1 0 0
Z Z,
dg 2sind 2 4 5::: d 1F (k)
0 0

The integrations met in the loop calculations may be perfeanusing the following two integrals:

Z

_ Im+1
d sinm = P i( ) ;
0 §(m+2)
Z 1 1
! g _ 1 2 2 1 _
0 (r2 + M?2) ) () (M2) ( +1) =2"

In general, the angular integrations are in uenced by théeigrand too. (Remember phase spaceg

integrals of bremsstrahlung!)
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Mathematical interlude: d-dimensional integrals (I11)

If F(k)! F(r); r = jkj, the angular integrations yield the surface of tliledimensional sphere
with radiusr:

Lg(r) = rd 1.

The remaining integration, over, yields forF (r) = 1 the volume of the sphere with radiuR:

d=2 .
s 1
G(1) = dk -
(k2 + M?)
_ grdr)
0 (rz+ M2)N
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The -function

The -function may be de ned by a di erence equation:
z(z) (z+1)=0

Z

(2) = tz le tdt
0

Series[Gammalepf.ep, 0, 3] =
1

1 1
[ 1= - E+1_2(6 e+ 9) +1—2( 2 g E? +2(22 ;1) %+

(2 ;1)) = PolyGamma(2;1)= 2 3
exp(ep EulerGamma)Series|Gammald@p, 0, 3] =

et 1=+ () + 2(@ 1) %%
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Look at the singularities in the complex plane ( gure showeal part of ):
When applying the Cauchy-theorem, one may close the intetyrdhe left or to the right : ::

Tlx)
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Mathematical interlude: d-dimensional integrals (1V)

We will often use;

a = elMa=14+

Ina+ :::
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Finally, one gets forScalar integrals:

N QL le , X\' (detM) d=2
G(l) = N 2 dxi x| 1 i ;
(1) 4 (00N o, 7 .:1X (N 2
or
d le X ! N  d(L+1) =2
N =L . U (x) )=
1) = M 2 ;X! 1 |
with
Ux) = (detM) (! 1forL =1)
F(x) = (detM) 2 = (detM)J+QMQ (! J+ Q?forL =1)

Trick for one-loop functions:
U=detM =1=

= =
Fi)= 30 x)+ Q2=

X; and soU ‘disaapears' and the construét; (x) is bilinear inx;X; :

Aij XiXj .
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The vector integral di ers by some numeratoik; pe and thus there is a single shift in the integrand

k!
Rd 2 2
the d'k k=(k?+ 2)!

N d VAR
G(ki )=( 1) — dx;
()0 N) o,
Here also a tensor integral:
G(ki ko ) = ( N N 5L
P ( )0 oN)
X

The 1-loop case WEI be used in the followihgtimes for a sequential treatment of ah-loop
20k + J andF (x) = Q?

integral (remember  x; D; = k?

N d

k+ U(x) *MQ

0, and no further changes:

X

M1 Qi

1 XV U(X)N d(L+1) =2 1
XJ' 1 N dL=2
i=1 F (x) |
Z W XN : N 2 d(L+1) =2
1 ) + =
; dx ij 1 i U(XF)(X)N T
j=1 i=1
N §L g (Vi H* (v l)#
£ U(x)F (x) —2 2l =

Z 1\

G([1; kpe]) ( M

2
()0 N) o =1

dx; X

]
J

J):

1

[1; Qpe]

F ()M

d=2

#

1
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Examples for one-loop F-polynomials

One-loop vertex:
F(tm?®) = m?(x1+ x2)° +[  t]x1x2
one-loop box:
F(s;t;m?) = m?(xy + X2)? +[ tlxixo +[ S]xaXy

one-loop pentagon:

F(s:t;t%vivo:m?) = m?(Xy + Xg+ Xa)2+[ tlxaxs+[ t9Yxixa +[ S]xoxs+[ Vi]xaXs+[ V3]X2Xa
2-loop example: B7l14m2, has a box-type sub-loop with 2 oeliegs:

n

Fo(feer @520 = [ tlXaxg + [ S]XsXe + MP(Xs5 + Xg)®
5 2 2 2 0 (ass67 d=2)

+ (m Ql)X7(X4 +2X5 + X6) + (m QZ)X7X5

2-loop: B5I12m2, sub-loop with 2 o -shell legs (diagram sed)
F2lines (k%; mz) - mZ(XS)Z + [ k% + mZ]X1X3
&
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The Tadpole Ag(m)

m

e ‘ dk
Tllm[a] = Ag = i =3 (k& moe I UV divergent

With our general formulae we get, in the 1-dimensional Feynm an parameter integral,
for the numerator

= (k2 m2)x1 kK?+ J
F = m®x; m%}]
and thus

Z
Cla d=217 1t 1
el dex ' x]m
[a 2+ ]
[ a]

| e B[ 1+ ] fora=1; m=1

Tlim[a] = ( 1)%

— ( 1)ae E(m2)2 a

= Ll 1+§2 + 1+ = %4
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The Self-energy By(s; my; my)

My

ddk

Z
p‘Q_‘T SE2l = Bo[simi;mz] = (zp_ )* O|(ieo'zz) [k?

mp

The SEZ2I is UV-divergent and the corresponding F-function is:
Fls;smi;mz] = m2x2+m3x53 [s m2  m3lxiXy

and for special cases:

F[s;m1;0] = mix? [s mixixo
F [S; maq; ml] = m%(xl + X2)2 [S]X1X2
F[s;0;0] = [S]X1X2

The 'conventional' Feynman parameter integral is 1-dimens ional because X,

F(x)= sx(I x)+m31 x)+ mix  s(Xx Xa)(X Xp)

m2][(k + p)?

1 Xxi:

>
Ims
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The result is of logarithmic type for the constant term in

Z
1+ )~ 1 dx
Bo[s;mi;my] = (4 ?) e — 7
o[S; M1; My] ( ) . FX)
1 41 F (x)
= - (odxln 1 2
Z
171t F (x)
2 2 2y .
+ E+§0dxln 12 + O( 9):
Here we used the expansion:
et (1+ )=1+ 22 33
( ) > 3

When using LoopTools , the corresponding call returns exactly the constant term o f Bg

in (withuseof e E =1+ g+ 1)
B (s;m?:m3) = b0(s;am12am23}
For 4 21 1 B, looks quite compact:
YA 1 Z 1
Bo(s;my;my) = — dx In[F (x)]+ 5 2 + dx In?[F (x)] +
0 0
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Explicitly, one has to integrate
In[F (x)]
In?[F (x)]

So we will need the integrals:
Z

dxg fIn(x

Xa); In(x

In[ s(x

Xa)(X  Xp)]

IN?[ s(x Xa)(X Xp)]

Xa)ln(x  Xp)g

which is trivial, together with some complex algebra rules h ow to handle complex

arguments of logarithms with

wherever needed.

sl s+
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For the case m; = my =1, one gets for the rst terms in

1 +
Bols:1;1] = —+2+1 §

H(O;y) = In(y):

The H(0;y) is a harmonic polylogarithmic function, and

_ 2s+4 ﬁ_s
YT Peagy P
1 2
c . @
X

The other case treated later againis m; =0;m, = m:

1 1 s=m?
Bols; m2; o = —+2+ ——
0[ ] S=m2

H(0;y);

In(1

s=m?)
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The massive one-loop vertex Co(s; mq; mo)

P1

my

. mp e E Z dd k

Co=

d*k

ma (i 9=2) [(k+ p1)?2 m?K2[(k p2)2 m?] J ki W!

P2
The massive vertex (all my;m,; mz 6 0) is a nite quantity.

We assume immediately m; = m3 =0.
A problem now is IR-divergence.

Appears when a massive internal line is between two external on-shell lin es.

Incoming p? = m? and p5 = m?, look at k! O:
1 1 1

d*k
(k p2)> m? (k)? (k+p1)> m?

1 1 1
k2 2kp, (k)2 kZ+2kp;

d*k k3dk  dk.
K 1+2+1 K4 TRAURY

= d%k

! I div

An IR-regularization is needed, must take d > 4.

Both UV-div (with d < 4) and IR-div together: must allow for a complex d =4

take limit at the end.

2, and

U
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First we have a look, for later use, at the F -function:
N = Dix+ Dyy+ D3z
= kX + (k®+2kpy)y + (k® 2kpp)z
= K*(x+y+2z)+2Kk(pry p2)
= (k+Q)?* Q°

We used 1= x+ y+ z here. And the F-functionis F = Q> J = Q? (there is no
constant term in N here), as was shown before:

F o= mi(y+2)?+[ slyz

This F-function does not factorize in y and z. But now back to the direct Feynman
parameter integration.
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Start with change y! y°=(1 x)y, then y°! v:

Z
1 1 1 x y 2
— = dxdyd
D.D,D3 . Y ¥ Dy + Daz)
Z 1 Z 1 x dy
) i o (D2x+ Diy+ D3z)3
Z1 21 xdy
= dx

0 o (Dax+ D1y+ D3z)3

After this change of variables, the integrand factorizes in x and vy:

N = (k+xpy)* x°pj
= (k+Q)? Q°
resulting into
F=Q = X
pj = syl y)+m?
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For Co we obtain (with N =3 and N d=2=1+ ):

Z 4 Z 4

dx dy
o X2 o (p)?
This is integrable for < 0, or d > 4, or more general: d 4.

The x-integral made simple here:
VA 1

Co[s;m;m;0] = ( 1)e B [1+ ]

dx X 2js 12 0°?

1

2
We see that the IR-singularity is an end-point-singularity in Feynman parameter space.

Further:

dy _ 1 dy 2
() 2 () V)
1 dy
2 (p)
1 d
2

1
2

In(y?)

oy 1t A 2t

Here | stop this study.
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We see that the further integrations proceed quite similar a s for the 2-point function, in
fact the pf = sy(1 y)+ m?is the same building block.
The integrals to be solved now are more general, they include also denominators 1=p§:

Some integrals

Z
dyln(y vo) = (y Yo)n(y vyo) y+C
z 1
d = In + C
Yy v, (y Vo)
In(y  Yo) 1
d = —=In + C
Y v >INy Yo)
Here, often y is real and ygy is complex. Then no special care about phases is necessary.
Zl
dx _ . X0 . Xo 1
L X %o [In(x xa) In(xp Xa)] = Lis X0 Xa Lio X0 Xa

This formula is valid if Xg is real.
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Co with a small photon mass

In

, the Cp-integral is treated with a nite photon mass:

2 d*k

(k# 2)(k?+2kpy)(k*  2kp2)

i 2

[Berends:1976zp,'tHooft:1979xw]

Zl y
2
» Vet x) 2
Zl 2 q —
dy ——-In—+0 = p?
N %

It is easy to see from the term 1=(2p7) In( #) the correspondence of (d 4) and 2,

which is a universal relation in all 1-loop cases.

16.02.2009: End of Lecture 1.




/S elpu| ‘pegeye|lv ‘ddvO3d } 6002 go4 02-9T } uuewsary ‘1 pue ezn|o

%

Now using Mellin-Barnes Representations

Perform thex-integrations
Find an as-general-as-possible general formula

Make it ready for algorithmic analytical and/or numericalvaluation

Computercodes:

Ambre.m - Derive Mellin-Barnes representations for Feymnirategrals
[Gluza:2007rt]

MB.m - Find an -expansion and evaluate numerically in Euclidean region
[Czakon:2005rk]
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Integrating the Feynman parameters { get MB-Integrals
We derived:

£ (1 X1 X2)
SE2l1Im = Bo(s;m;0) = e & () dx,dxo (1 X1 X2) F()t) 2
' 2 ! (1 X1 Xz Xa)
V3I2m = Co(s;m;m;0) = e & (1+ ) dx 1 dX0xs 1 X2 X3
0 F(X)l+
and
Fseaiim = m2X§ (s mM?)X1Xz
Fvaiom = mM*(X1+ X2)*  (S)X1X2
We want to apply now
| N
dx; X;’ S| Xi — ( )(C 2) ( 7N)

with coe cients ; dependent on; and on the structure of thd~
See In a minute:

For this, we have to apply one or several MB-integrals here.
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|
Z 1y . X Qn )
dx; x;’ 1 Xj = =5
0 j=1 i=1 i=1 !
Simplest cases:
Zl
dxy x;* 1 (1 x1) = 1
0
|
Z1ye W Z4a
dy x' "1 xi = dxaxgt ML oxa) 2t o= B( 1 2)
0 j=1 =1 0

( 1)( 2)
( 1+ 2)
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Here we want to go:

The formula looks a bit unusual to loop people, but for persamith a mathematical
background it is common.
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One might well assume that these two gentlemen did not dream o f so heavy use of
their results in basic research

Mellin, Robert, Hjalmar, 1854-1933
Barnes, Ernest, William, 1874-1953




2y elpul ‘pegeye(lv ‘ddvO3d } 6002 go4 02-9T } uuewsary ‘1 pue ezno

%

Barnes' contour integrals for the hypergeometric function

Exact proof and further reading: Whittaker & Watson (CUP 196 5) 14.5 - 14.52, pp.
286-290

Consider

F@) = 57 d(3 (a+ )((Cli+ ))( )

where jarg( z)j< (i.e. ( z) is not on the neg. real axis) and the path is such that it
separates the poles of (a+ )( b+ ) from the poles of ( ).

1=( c+ ) has no pole.

Assumea6 nandb6 n;n=0;1,;2 so that the contour can be drawn.

The polesof ( )areat = n;n=1;2;, ,anditis:
Residue[ F[s] Gamma[-s] , {s,n} ] = (-1)'n/n! F(n)

Closing the path to the right gives then, by Cauchy's theorem , for jzj < 1 the
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hypergeometric function »Fi(a;b;c;2 (for proof see textbook):

1 Zen 0 (ar ) (br ) ) ™ (arn)(brn)z
2i o, 007 (ot ) T . (erm
= % 2F1(a;b;c; 2

The continuation of the hypergeometric series for jzj > 1 is made using the
intermediate formula

_ X (a+n)(1 c+a+n)sinffc a n) ] an
F(2) = @+ m(@ a+b+nycosh )sin[(b a n) i 2)
X (b+n)(L c+b+n)sinfc b n) ] -
@+ m(@ a+b+nycosh )sin(@a b n) ¢ 2)
and yields
—( a(l)c()b) -F1(a;b;c; 2 (a(t);ac)b)( z) & LFi(a;1 c+al b+acz?
¥ ('?t()bc)a)( 2) P LF(bil c+ bl a+hzh
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Corollary |

Putting b= c, we see that

b3
oF1(a;b;b;9 =
n=0

This allows to replace sum by product:

1 [—

(a+n)z"

(a) n!

1
1 238

1

(A+B)a B2l

( A=B)J®

1

Z+i1

21 (a)

1
21 (a)

i1

71
d A

i1

d ( 2)

B

(a+ )(

" (a+ )

)

)




Gy elpul ‘pegeye(lv ‘ddvO3d } 6002 go4 02-9T } uuewsary ‘1 pue ezno

Ro

%

Barnes' lemma

If the path of integration is curved so that the polesof (¢ )(d ) lie on the right
of the path and the poles of (a+ )( b+ ) lie on the left, then

Z+i1
1 B (a+c)(a+d)( b+c)( b+ d)
57, 4 (ar )(br (e )(d ) = (37D o7 g

It is supposed that a;b;c;dare such that no pole of the rst set coincides with any pole
of the second set.

Scetch of proof: Clﬂse contour by semicircle C to the right of imaginary axis. The
integral exists and . vanisheswhen <(a+ b+ c+ d 1)< 0. Take sum of residues of
the integrand at polesof (¢ )(d ). The double sum leads to two
hypergeometric functions, expressible by ratios of -functions, this in turn by
combinations of sin, may be simpli es nally to the r.h.s.

Analytical continuation : The relation is proved when <(a+ b+ c+d 1)< 0.
Both sides are analytical functions of e.g. a. So the relation remains true for all values
of a; b; c; dfor which none of the poles of (a+ )( b+ ), as a function of , coincide

with any of the polesof (¢ )(d ).

R i
Corollary Il Any real shift k: + k;a k;b Kk;c+ k;d+ k together with kk i'll leaves

the result true.
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How can the Mellin-Barnes formula be made useful in the
context of Feynman integrals?

Apply corollary | to propagators and get:

71
1 _ 1 ( m?)
@ e 2 (& O e (2t 0
i1l

which transforms a massive propagator to a massless onen(inilexa of the line changed
to (a+ )).

Apply corollary | after introduction of Feynman parameteaad after the momentum
integration to the resultingF - and U-forms, in order to get a single monomial in the,
which allows the integration over thg;:

7L
! = 1 ai by \, b2 yja+
[A(s)x2: + B(s)x™x2Ja 20 (a) ) d [A(S)x'] [B(S)X!'x2]*" (a+ )( )

Both methods leave Mellin-Barnes (MB-) integrals to be pmrhed afterwards.




/¥ elpu| ‘pegeye(lv ‘ddvO3d } 6002 go4 02-9T } uuewsary ‘1 pue ezn|o

Ro

%

A short remark on history

N. Usyukina, 1975"ON A REPRESENTATION FOR THREE POINT FUNCTION", Teor.
Mat. Fiz. 22;
a nite massless o -shell 3-point 1-loop function repreged by 2-dimensional MB-integral

E. Boos, A. Davydychev, 1990A Method of evaluating massive Feynman integrals”,
Theor. Math. Phys. 89 (1991);
N-point 1-loop functions represented by n-dimensional MiBegral

V. Smirnov, 1999 "Analytical result for dimensionally regularized massieon-shell double
box", Phys. Lett. B460 (1999);

treat UV and IR divergencies by analytical continuation:ifgshg contours and taking
residues 'in an appropriate way"'

B. Tausk, 1999 "Non-planar massless two-loop Feynman diagrams with foofrshell legs”,
Phys. Lett. B469 (1999);

nice algorithmic approach to that, starting from search fsome unphysical space-time
dimensiond for which the MB-integral is nite and well-de ned

M. Czakon, 2005with experience from common work with. Gluzaand TR): "Automatized
analytic continuation of Mellin-Barnes integrals”, CompuPhys. Commun. (2006);
Tausk's approach realized in Mathematica progravtt.m, published and available for use
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The -function

The -function may be de ned by a di erence equation:
z(z) (z+1)=0

Z

(2) = tz le tdt
0

Series[Gammalepf.ep, 0, 3] =
1

1 1
[ 1= - E+1_2(6 e+ 9) +1—2( 2 g E? +2(22 ;1) %+

(2 ;1)) = PolyGamma(2;1)= 2 3
exp(ep EulerGamma)Series|Gammald@p, 0, 3] =

et 1=+ () + 2(@ 1) %%




67 elpul ‘pegeye(lv ‘ddvO3d } 6002 go4 02-9T } uuewsary ‘1 pue ezno

%

Look at the singularities in the complex plane:
When applying the Cauchy-theorem, one may close the intetyrdhe left or to the right : ::
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Some facts on residua

The function

F(z) =

has the residue
ResF (2)jz=2, = @ 1

An integral over an anti-clockwize directed closed p&haroundzy then is

1 Z
— dzF(z2)=2ia ;
21 ¢
If G(z) has a Taylor expansion arourg) and F (z) has a Laurent expansion beginning with
a n=(z zo)" + ::: then their product has the residue:

X a (G(z)®

Re$G(z) F(2)]jz=2, = Kkl

k=1
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Some residua with ( z) and ( z)

( z) = PolyGammalz] = PolyGamma|0;z] ! See also next slide

Residue[F[z]Gamma][z} z, -ng] = %F[ n]

0
Residue[F[z]Gammafz]fz, -ng] = 22oveamma B Pl nirE 1 ol
0
Residue[F[z]Gammalz -24]fz, -3g) = 2FL 3 12 erl S0P 1 3]
_  F[ 3] 25F[ 3] 12 ¢ F[ 31+6 F[ 3]
Flz] = sreigz * 3456(2+3)

+ag+ a(z+3)+
Series[Gamma[z + a]JGammalz -4f z, -3, -1¢] = %

25 3 12 3 6 3 PolyG 0, 3
+ @51 3+ 12| Sral(l 3+alPoyGamma [0 3ta) 4 g4 g (7 +3)+
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Where

Polygammaln + 1] Polygamma][0; n + 1]

= S1(n)

_ _ An+1)
= (n+l = Tn+1)
The following properties hold:
(z+1) = ( z)+1=z
1+ ) = Et 2+l
(1) = E
2) = 1 E
3 = 3 =2 ¢

PolyGammaln; z] = %( Z)
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Some sums Mathematica can do

Sum[s?(n) Gamma[n + 1]*3/(n'Gammal2 + 2n]), n, 0, In nity] =

Sum[s”(n) PolyGammal0, n + 1], n, O, In nity] =

The above were done with Mathematica 5.2.
Mathematica 6 is more powerful.

(4*ArcSin[Sqart[s])/2])/(Sqrt[4 - s]*Sqrt[s])

(EulerGamma + Log[1 - s])/(-1 + s)
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A self-energy: SE2I1m

This is a nice example, being simple but showing [nearlygadlentials in a nutshell.

We get for thisF (x) = m2x2 (s m?)xyx, the following representation:

7
E 2 2 z
SE21m = &°.(m9) ST m

20 2 2] <z 1o e

Tausk approach

Seek a con guration where all arguments offunctions have positive real part. Then the
SE21m is well-de nedand nite.

For small this is - here - evidently impossihlset ! 0 and look at 5[ z] 4[+2Zz]:

11 z] o[ z] 3[1  +Z] 4[+Z]

What to do ??7??
Tausk Set such that it happens, e.g.:

=3=8

To make physics we have now to deform the integrand or the pstich that ! 0O; when

dz ———— 1[1 z] o[ z] 3[1  +z] 4] T

crossing a residue, take it and add it up.
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Varying ! 0 from 3/8 makes crossing iny[ + z]apoleat = z=+1=8;thereis +z=0:
. (m?)

Residue[SE2l1m;fz; g]= e EW 11 271 o[]
Here we'loose' one integration (easier term!) and catch thi&R-singularityin 5[] 1=
The function becomes nowpr small :

Z z
e £ (m? S+ m?
E2l1 _ — 1 1 + 1
S m T2 2] ... 1:8dz o 1[ z] o z] 3 z] 4 1 7]
(m?)
E_——~— 1[1 2

e f o5 it 21l

Now we may take the limit of small because the integral will stay nite and well-de ned:
Z z
E + 2 1

SE21m = = dz = 1 7]l AL+ Z]+ec 2+= In[m?]  +

21 ;- 1-8 m
Now weclose the integration path to the leftcatch all residues from3[1 z] for <z < 1=§,
le.atz= n;n=1;2;:::

( ] )
i S+ m? 2\n
Residue —z 1[1 z] o] z] 3[1 +2z] 4 +z];fz; ng = ( s+m9)'Ip( s+ m
&
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The sum to be done is trivial (in this trivial case!!):

X s+m?2 " 1 .
 m2 2
n=1 m 1 Sr;Zm
and we end up with:
1 1 s=m?
SE2lm = =+2+ ————In(1 s=nv)
s=m

This is what we had also from the direct Feynman parameteegration above
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A vertex: V3I2m

The Feynman integral V3I2m is the QED one-loop vertex fuantiwhich is no master.
It is infrared-divergent (see this by counting of powers obp integration momentunk or know
it from: massless line between two external on-shell lines)

F = m%(Xy + X2)?+[  S]X1X2

We will also use the variable

_, st4 E_s
= UL
V3i2m = e ° Z)Zd 12 z)( z)(1+ +2)
m - 2i z( s) & 2)( 2 2
vaian{ 1]

- + V3I2n{0] +  V3I2n{1] +

One may slightly shift the contour by ) and thenclose the path to the lefland get residua

from (and only from) (1 + 2):
[Gluza:2007bd]
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iy 1=2

_ lec L A2 z+ )1+ 2
V(s) = 5 o dz ( 9s) 2
i1 1=2
_ esX & (n+1+ )
© 2, @+ (n+D)

This series may be summed directly with Mathematftadnd the vertex becomes:

E

2

Alternatively, one may deri}_ée the-expansion by exploiting the well-known relation with
harmonic numbers,(n) = = ., 1=i¥:

V(s) = 1+ ) oF1[L;1+ ;3=2;s4]:

#

" R
(n+a) _ Ca)gm o

. (1+ a)exp ~ ”

The productexp( g) (1+ )=1+ 3 [2] 2+ O( ) yields expressions with zeta numbers

3 . : .
The expression forV (s) was also derived in [Huber:2007dx]

; see additionally [Davydychev:2000na]




6S elpul ‘pegeye(lv ‘ddvO3d } 6002 go4 02-9T } uuewsary ‘1 pue ezno

%

[n], and, taking all terms together, one gets a collection of énse binomial sunis the rst of
them is the IR divergent part:

Ve = L2 vyee
1R s" 14arcsin(IO s=2) y
Vi(s) = < = ——p p—" = In(y):

bFor the rst four terms of the -expansion in terms of inverse binomial sums or of polylogathmic functions,

Se€ [Gluza:2007hd]
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The constant term:

[ ]+ r]

2r]

[ 2r]

2[ r]+ [1+

1 Z+i1 + U
vaizn{o] = - di( )t
| +u
e in( 9+2]
2 E
X n
. % 0o1° Si(n);

=0 2N
@ Aen+1)
n

There is also the opportunity to evaluate the MB-integraisimericallyby following with e.g. a

Fortran routine the straight contour.
This applies after the -expansion.

R+5i+<z
Si+<z

is usually su cient.

But: This works fast and stable foEuclideankinematics where s > 0.

rll
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and the -term:

7 ..
_ 1T o SLrl[a+ r]
e T )
g+ Llogl sP+Logl sl( 2e 4[ 27+4[ 2] 2[1+ 2
+ e(@] 2z] 4] z]+2[1+ Z])
411 ; 2z]+2[1 ; z]+ [1 ;1+ Z]
+4([ 2z 2[ 27]] 21|+[ zZP+ [ 2z][1+ Z]
[ zZl[1+ zZh)+ [1+ 2P
e n
= [const=17] % 0 l(t) Si(N)?+ 52 Sy(n) :
n=0 @ZHA (2n+1)
n
Here, [ r] = :::and [1 ;r] = :::, and the harmonic numberSy(n) are
X
Sk(n) = =

-k’
I
=1
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The sums appearing above may be obtained from sums listedalnleT 1 of Appendix D in
[Gluza:2007bd,Davydychev:2003mv]

X g ,
= 2| :
s a (2n+1) y>2 1 ney):
" > Si(n) = Y [ 4Lio(y) 4lIny)In(L+ y)+In%y) 2, ;
n=0 2nn (2n +1) ' B y2 1 24y y y y 2
3 o o | |
o M (2n+1) Sin)® = 2 1 16S12( y) 8Liz( y)+16Lio( y)In(1l+ vy)
+8In2(1+ y)In(y) 4In(L+ y)In%(y)+ <In%(y)+8 2In(1+ y)
4,In(y) 83 ;
X g ;
S = 7 3 ’
. 2 (2n + 1) 2(n) 362 1) n°(y)
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Expansion in a small parameter: vertex V3I2m for m?=s

Use as an example for determining the small mass expansion:

V3coefml = Coefficient [V3I2m[[1;1]]; ; 1]
Z _
1 1 +i1  1=2 m?2 z 1[ 2]3 2[1+ Z]
= = dz
252| i1 1=2 S 3[ 22]

If jm?=5 << 1, then the smallest power of it gives the biggest contributjd.e. its exponent
has to be positive and small.
So, close the contour to the right (positive z), and leading terms come from the residua

expansion of 1[ z]°= 3[ 2z]atz= 1; 2; . The residues are terms of a binomial sum:

Residue = 2HarmonicNumber [n] 2HarmonicNumber [2n] In

1 m2 " (2n)
S s (nh)?2
with rst terms equal to (-1)*Residua:

m2 2 2 4 2

1 m m m m
va2m=In — +— In 2+2— + — In 7+6— + O(m°=s’)
S S S S S S

ml_
S
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Another nice box with numerator, B5I3m( pe:k1)
We used it for the determination if the small mass expansion.
Z . Z . zZ . Z
m 4 ( 1)6\12345 g2 E +il +i1 +i1 +i1
B5I3 ki) = © _ d d d
TP ) “o [alls 2 ansli)t i1 i1 i1
( S)(4 2 ) ajp345 ( t)
[ 4+2 + apass + +  + ] [ 1 [ ] [
6 3 a12345 ] [7 3 a12345 1[5 2 aiz] [4 2 aizz 2 15 2 aizz 2
[2 a3 ] 4 2 12345 ]
1+ ag+ 6 3
B8 4 a112233445 2 2 2 19 4 a112233445 2 2 2 ] (Pe Ps) | ¢ |1
4 2 a1234 1[3 ar 18 4 a112233445 2 2 19 4 a112233445 2 2 :
L5 2 ai123 1[4 2 aizz 2 Jlar+ ][ 2+ +aps+ + + J+[ az+ ] (pe p1)]l7 3 é
4 2 a1234 18 4 a112233445 2 2 19 4 a112233445 2 2 2 ]
[3 ar 156 2 ai123 14 2 aiz 2 lJlar+ 1+ [2 an 1[4 2 1123 ]
L5 2 aizz 2 ][+ ar+ ] [ 2+ +ap+ + + ]+[6 3 a12345 1103 an ]
5 2 ai123 ] [4 2 aizz 2 Ilar+ ] ((pe (p1+ p2)) [5 2 a1234 109 i a112233:
B 4 a112233445 2 2 2 I 2+ +aps+ + + J+(pe p1) [4 2 a1234 ]
B 4 8112233445 2 2 109 4 a112233445 2 2 2 Il 1+ +aps+ + + ]
&
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Di erential equations: Example V3I2m

Example V3I2m, the massive QED 1-loop vertex

Z
p1 d9k
m]_ - V3|2m - m
s m 2 2
? Di = (k+p1)° mj
N D: = (kK p)? m
P2
D; = (k)* mg

S=(pL+ P2)® = 2pip2 + pI+ P

Dimensional arguments prove:

V3l2m % at s!l
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We derive now a di erential eqation for the verteX, = V (s;pZ; p3))
S=(pP1+ P2)® =2pp2+ PI+ P5 ! 2papo+2m7or | 2pip, + m? ete:

First derive a di erential operator, which is completelydapendent of the internal details the
vertex.

L@ _ . @@ @as
L@p ' @p@p @©@p

P1 2p2

@—@§+2(p1+ pZ)@@s

pz@—@@ = 2p2@—%+2(p1+p2)@@s

Not Usingp? = p5 = m? andpip, = (s 2m?)=2, we get:

@ _ 2 »n @ @
pl—@@ = (s p1 pZ)—@§)+ S@S
@ 5 ) @ @

pz—@@ = (p1+ pz)—@g)‘F S@s

Eliminate @=@p

s 2B Rlsgs B HrRlp (B R oo =[Re Pt Ripl gy
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Now apply this universal di erential vertex-operator to @a&ci c vertex, e.g.V=V3I2m:
Use on-mass-shell conditiqgef = m%; p3 = m53.

@ev _ % dk @1
@p D3D; @pDo
With
@1 _ 1 @B _ 2Kk p2)
@pD- D5 @p D?
Compensate numerator against propagators:
2pk = D3+ D; m§ pi+ m?
2ok = D3 D+ mi+p; ms

P =mf
pip2 = (s m% m§)=2

we get, for this vertex, the equation:

Z
5 2 g _ ddk
(s 2(m7+ mj)) S@S = s —D1D§

Z

dik
(mi+ m3)

2 2
— S ms + m V

There might also arise a dotted Vertex at the right hand sideit here it drops out from the
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result; in general:

Z
@ R
S AR g = K 5pnt
Ro(m§ m3

R, Rj R1
+
D:D2  DZDj

p5) + Ra( m§+ p5+ mi

D,D2D,
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This is a simple Euler di erential equation!

The inhomogeneity depends on twimtted 2-point functions SE212md and SE2I1nso it is
simpler and assumed to be known alread?ﬁz2

In principle, one might get also a term with d°k=D;D32D3, i.e. the dotted vertex V3I2md, but
it drops out here.

Then one would have a system of coupled equations, and thisnofiappens.

We see that dotted objects may appear naturally,.

All the above has nothing to do with dimensiah{ if it is well-de ned ...

In
[Czakon:2004wm]

we use the operator for deriving and solving massive 2-loaqpex functions and give also a
corresponding operator for box diagrams” | 1:

@ _ 1 @

S@S = 1S [2p, + (2 S)p;] @—P for vertex
@ _ 1 s(p, p3) @

S@S = 3 (P + Pp) + s+1 4 @p for box
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Scetch of: Solve Euler Di. Equations

Basics developed in

[Kotikov:1991hm,Kotikov:1991kg,Laporta:1996mq]

. The choice of variables depends on the problem.
For the QED vertex it will prove useful to take

s=sm* = (1 Xx)%=x

For our other beloved exampl® Bg(s; m;0), see nice lecture

For details, | prefer to jump to this case.
Di erential operator:

@ 1 @
S— = =
@s -~ 2" @p
The equation becomes here:

@, _ 1 1

= =+ B
@s X 1+x X 1+x

_|
=
|
=
I

1
—+1+(1+ ,=2) + :::

[Aglietti:2004vs]
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We need also a boundary condition; look at explicit expr@ssabove:

Bo(0;m;0) = T1l1m

Make an ansatz as series in

1
B=-B;1+Bo+ B+ :::

and get a series of equations:

@

—B

@s
@
@s°
@
—B
@s "

etc

AoB 1+ 1
AoBo+ A1B 1+

AoB1+ A1Bo+ 1
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It is:

You may realize a simple, iterative structure.
The coe cients in the equation are of the form

1 1
Ag = — +
0 X 1+ X
1 2
A, = —
1 X 1+ X
1 1
., = =
X 1+ X
1 1
0o = -7t
X 1+ X
>0 = O
A + A +
B, X B,
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General solution for the homogeneous equations:

BY 1 1
- = — 4+
Bn X 1+X
Solve it by
Z
1 1
In(Bf°m) BM™ = const+ =+
gets
Bhom — 1+ E
X
Solution of the inhomogenious equations is obtained by thariation of constants'
Z
1
Bi(x) = BM(x) const+ dx— —[A1(X%Bx 1(x)+ k(X
k(X) (X) Bhom(XO)[ 1(x9)Bk 1(x)+ 1 (x9)]

This may be sequentially evaluated.
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Result:
nested integrals over 'simple' iterated integrands

The method leads to thedPLs H (f ag; x) and similar functions.

Harmonic PolylogarithmdH (x)

Z x dx 0 Z x° dx©
H[ L1;x] = S =
[t o @+x% o @ x9
. 1+
= Liy 2X +

but it works only if thepolynomial structure is simplenough for a solution with this class of
functions

Method is absolutely 'super' if it works.

But:
one needs complete chains of masters of lower complexity.
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Harmonic Polylogs

[Remiddi:1999ew]

(I borrowed some formulas from there)

H(O; x)

H(1;x)
H( 1;x)

Their derivatives are:

where the inde)xa can takeO: +1;

I
=3
X

A N £ a o -
&H(a, x)= f(a;x) ; (1)
1, and

f (0;x)

f(1;x)

f( 1;,x)
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The harmonic polylogarithms of weighw are then de ned as follows:
. — 1 \W .
H(Ow; X) = mln X ;

while, if m,, 6 0, -
X

H(my;X) = dx®f (a;x% H(my 1:x9 :
0

The harmonic polylogarithms of weighw are then de ned as follows:
. — 1 \W .
H(Ow; X) = mln X ;

while, if m,, 6 0, ve

H(my; X) = deof(a;xo) H(my 1:x9 :
0
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Examples:

H(0; 1;x)
HO; 1;x)
H(1; 0;x)

H(1; 1;x)
H(1; 1;x)
H( 1;0;x)

H( 1;1;x)

H( 1, 1;x)

In general, they are more general than Nielsen's Polyldgars, see e.g.:

H( 1,0;0;1;x) =

Lio(X) ;
Lio( X);

InxIn(L x)+ Liy(x) ;

1 - .
S In% L %) ;

1 X

Li 5 5

In2In(1  x)

In xIn(1+ x)+ Lio( X);

1+ X
2

Li 5

1 2 .
S (L + %) ;

Z

o 1+ x0

In2In(1 + x)

dx©

cannot be expressed in terms of Nielsen's polylogarithms

Li 5(x°)

Li 5

Li »

NI

NI -
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Example beyond Harmonic Polylogs: QED Box B4l2m
[Fleischer:2006ht]

FX] = (X5+x6)2 + (-S)x5x6 + (-t)x4x7

B4l2m, the 1-loop QED box, with two photons in the-channel; the Mellin-Barnes
representation reads for nite:
e E 1 Z +il Z +il

B4l2m = Boxt;s) = T2 D@F @i . dz; ; dz, (2)

(8" (m)
(Hure

2+ +z1+ 2] *[1+z][ zi][ 2z]

[ 2 2 2z]
[ 2 2 22, 222]

I 1 z1 2]

Mathematica packageMBused for analytical expansion! O:
[Czakon:2005rk]




6. elpul ‘pedeye|ly ‘ddvO3Yd } 6002 94 02-9T } uuewsaly "1 pue ezn|9r

%

B4l2m= 1J1+|n( s)Jy + % (2) In?( s) Ji 2,

with J1 being also the divergent part of the vertex functiolCo(t; m; O;m)=s = V3I2nEs (as is
well-known):

7 _
=8 1 it dz m? P z][l+ za] _ 1 2
! st 2i i1 ! t [ 2z1] m2sl y?

In(y)

N~

with
P
1 4m?=t 1)

Y= P T ami=i+1)
The J, is more complicated:
e B 1 £ gein S 21 2
Jo = . dz; - z 2(1+ z 1+ z
N ABE - 1 ¢ [zl 20+ z)] "1+ zi]
Z 1.
§+|l m2 , 2[ 1 71 22]
— 2 + + 7,
- dzz Uzl gy Bt a2l

3)

(4)

(5)
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The expansion of B4I12m at small m? and xed value of t
With

my = , (6)
; (7)

Look, under the integral, a{ m?=t)?2,
and close the path to the right.
Seek the residua from the poles offunctions with the smallest powers im? and sum the
resulting series.
we have obtained a compact answer fby with the additional aid ofXSUMMER
[Moch:2005uc]
The box contribution oforder in this limit becomes:
1" 2
B4l2nt; s;m?; +1] = 5 48 9 oIn(my) + §In3(mt) +6 LIn(r) In?(my)In(r) (8)
1
+ §In3(r) 6 oIn(@+ r)+2In( nNIn(r)in(L+ r) In?(r)in(X+ r)

0
+2In(r)Lio(L+ r)+2Li3( r) + O(my):

Remark:
The exact Box function is NOT expressible by Harmonic Pajdpone may introduce a
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generalization of them: Generalized HPLs.
Automatized tools for this might be developed.

A scetch of the small mass expansion may be made as follows.

First the 1-dim. integrald;.
The leading term comes from the rst residue:

J1 = Residue[m_t"z1 Gammal-z1]'3 Gamma[l + zl])/Gammal-2 z1 l, {z1, O}

= 2 Log[m_{t]

WE get a logarithmic mass dependence.
The second integral: Start witlz,, rst residue is:

12 = Residue[ m_t"z2 Gammal-z2] Gammal[-1 - z1 - z2]2
Gammal2 + z1 + z2)/Gammal-2 - 2 z1 - 2 z2], {z2, 0}]

[ 1 z]P[2+ zi]
[ 2 2z]

The residue is independent ofi’=t.
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It has to be integrated over; yet, together with the terms which were independent f
Z

.\ 1 z1]°[2+ z
P dzir®™ [ zi][ 2 2z][1+ 21]2[ [ 21] [221] 1
Sum over residues, close path to the left:
Residue[zy = n] = (ot " 2+( 1+n)? 2+( 1+n)In[r]2+( 1+ n)In[r]
L ~ 2( 1+n)3
Residue[z; = 1] = %(3 2In[r]+In[r]®)
and nally:
)3
|, Residue[z; = 1]+ Residug[z; = n]
n=2

The sum can be done also withoput using XSUMMER (here at [gasg.

Ingty n 2 2 2 2y,.1 n
( D" (2+ 2n <+ n )r I _ . B
In[r] - 2( 1+ ) = 3 In(1+1=r) 2Liz( 1=r)

etc
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Integration-by-parts identities

[Tkachov:1981wb,Chetyrkin:1981gh]

The Integration-by-parts identitiesrelate di erent scalar Feynman integrals ith dimensions
algebraically

They may be used to determine a list of basic so-called maistigrals.

These masters have to be solved, the others are then - moress éasily - derived from them
by algebra.

First systematic algorithm realized in a computer code (ubpshed) by
[Laporta:1996mq,Laporta:2000dc,Laporta:2001dd]

, the masters then were evaluated by di erence equations.

Public codes with Laporta algorithm: Maple package AIR
[Anastasiou:2005cDb]

and Fire
[Smirnov:2008iw]

A nice lecture, where also integration by parts, di erentiequations, HPLs and all that are
introduced, is

[Aglietti:2004vs]
Lagrange/1762{Gauss/1813{Green/1825{Ostrogadski/1&3ntegral theorem(or divergence
theorem)
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Z I
@
dk —[F] = FldS ! 0O
[Pk geFl = F]
where for a tadpole and self-energy e.g.:
K
o _ak +bp
SE; - D;_MDSZ

etc., andD; = k* m?andD,=(k p)? m?. For the tadpoleone gets due to:

@k=@k1+k 2k

N Ny ~Nni+1
D, D, Di*

with @ k = d the relation for tadpoles with di erent indicesi; andnq + 1:

(d 2n1) T(ny)

T(n1+1) = 2n; m2

For more complicated Fyenman integrals one gets severahggus and one may then hope to

formulate a simple basis.
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Regularisation by subtraction: V4l1m2

Simplest case wactorizationas in V3I12m.

Systematic isolation of divergences in regions of phaseaspand in each of them the

divergence is in only ONE variableector decomposition

Intermediate case:

It is a singularity in one variable only, but not su cientlysblated.

Then one may try to perform aubtraction

+++++ ¢ T -4

V4lim1 V4llmid1l V4lim1d2

@

Val2m1 V4I2m2 Valim2

A
A

V4I3m V4I3md

Valam V4lamd

The Feynman integral/411m2
has a
massless UV-divergent subloop
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&2 & - o k, P k,

x [Kll(ke + ko p1)2kT  1][(ks + p2)?]
We will use a subtraction procedure in order to isolate theneening UV singularity. The two
momentum integrations may be performed subsequently:

V4|1m2 =

2 &® k, _ o2 2() 1
Z [ka]l(k2 + k1 p1)?] 2 2) [(kn p1)?]°
d® ky _ o2 A+ )2 ),
(ki P02 K2 1lI(ke + p2)?] 2+ )
s 21 dxdy x * (1 x)t 2
aw o (@ 0@ y)?2 xysP)? -

The Feynman parameter integrdl;, has a singularity ak = 0 - like the QED vertex or SE -
and may be regulated by a subtraction:

Zl Zl
lgy = dxx @ x)'?2  dy f(xy)? f@Oy) 2 +f0y) ?
0 0
e 2)
él 4)y2 ) ¥ .
lreg = 1dx (1 x) x(1 x)? 1dyf (xy) * TOw) ° ;
0 0 X
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with
fOgy)=(@1 x)1 y)* xys:

The remaining integrations irey are regular and can be performed analytically or numercall
after the -expansion:

Z 4 Z 4 . ¥ n X0
g = dx(t xpe @ 07 Wy OOV R 2T 0 g (v ink (@ry)

0 0o X FOy) o,
The rst terms of the series expansion infor V4l1m2 are (see (1)):

1 5 19 3 1% 1 X
V4dim2 = —+ —+ — —— — = In?(x) + 4L + :

m 22 2t 2 awx) 2 2aex) M X)FAbz00 +00)

In general, the situation is more involved.
122
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Sector decomposition

For Euclidean kinematics, the integrand for the multi-dimgonalx-integrations ispositive
semi-de nite

In numerical integrations, one has to separate the pole¢dn 4), and in doing so one has to
avoid overlapping singularities

A method for that issector decomposition

There are quite a few recent papers on that, and also niceaewsiare given
[Binoth:2000ps,Denner:2004iz,Bogner:2007cr,Heinri2008si,Smirnov:2008aw]

The intention is to separate singular regions in di erentnables from each otheras is nicely

demonstrated by an example borrowed from
[Heinrich:2008si]

Z, Z,

1
L YR Rr @ o
Z

1 gy 1 dt N = dy dt _
o xIarh o th[1+(1  x)t] o yrarh o tra i+ (1 y)t]

Z

(9)
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The master integraM6l4m1

At several occasions, we used for cross checks the packager _decomposition
[Bogner:2007cr]

built on the C++ library GINAC
[Bauer:2000cp]

For that reason, the interfac&€Sectors was written; it will be made publicly available soon.
The syntax is similar to that oAMBRE

Example:

The program input for the evaluation of the integrai6l4m1 is simple; we choose

m=1;s= 11, and the topology may be read from the arguments of propagdtmctions PR
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<< CSectors.m

Options[DoSectors]
SetOptions[DoSectors, TempFileDelete -> False, SetStrat egy -> C]

N1 =n2=n3=n4 =nb =n6 =n7 = 1;
m = 1; s = -11;
invariants = {p1°2 -> M2, p2’2 -> m2, pl p2 -> (s - 2 m2)/2};

DoSectors[{1},
{PR[k1,0,n1] PR[k2,0,n2] PR[k1+p1,m,n3]
PR[k1+k2+pl,m,n5] PR[k1+k2-p2,m,n6] PR[k2-p2,m,n7]},
{k2, k1}, invariants][-4, 2]

Here, the numerator is 1 (see the rst argumentlg of DoSectors ), and the output contains
the functionsU, and F»:

Using strategy C
U = X3 x4+x3 X5+x4 X5+x3 X6+X5 x6+x2 (X3+x4+x6)+x1 (x2+x4+x5 +X6)

F = x1 x42+13 x1 x4 x5+x472 x5+x1 x52+x4 x5°2+13 x1 x4 x6
+2 X1 X5 X6+13 x4 X5 X6+Xx572 X6+Xx1 X672+Xx5 X672+x372 (X4+x5+X 6)
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+X2(X372+x472+13 x4 X6+x672+x3 (2 x4+13 x6))+x3 (x4°2+(x5 +X6)"2
+x4 (2x5+13 x6))

Notice the presence of bJ-function and the complexity of thé- -function (compared toU =1
andfl andf2 in the loop-by-loop MB-approach) due to theon-sequential, direct performance
of both momentum integrals at onceBoth U and F are evidently positive semi-de nite. The
numerical result for the Feynman integral is:

1
V6l4mI s)? = 0:052210= 0:17004+ 0:24634 + 4:8773 2+ O( 3): (10)

The numbers may be compared to (13). We obtained a third nuiterresult, also by sector

decomposition, with the Mathematica packagéESTA
[Smirnov:2008py]

V6l4amI( s)? = 0:052208 = 0:17002+ 0:24622 + 4:8746 2+ O( 3): (11)

Most accurate result: obtained with an analytical repret#ion based on harmonic

polylogarithmic functions obtained by solving a system otckential equations
[Gluza, TR, unpubl.;Remiddi:1999ew,Maitre:2005uu]

1
V6l4m1 s)? = 0:0522082= 0:170013+ 0:246253 + 4:87500 2+ O( 3): (12)

All displayed digits are accurate here.
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V6ldm: Compare to MB-integrals

In aloop-by-loop approaghafter the rst momentum integration one gets herd =1 and a
rst F-function (??), which depends yet on one internal momentua:

fl = m2 [X2H+XBIH+XA2 - s X[2]X[4] - PR[k1+p1l,m] X[1]X 2]
- PR[K1+p1+p2,0] X[2]X[3] - PR[k1-p2,m] X[1]X[4]
- PR[K1,0] X[3]X[4] ,

leading to a7-dimensionaMB-representation; after the second momentum integratjame has:

f2 = m2 [X[2]+X[3]]'2 - s X[2]X[3] - s X[1]X[4] - 2s X[3]X[4],

leading to another-dimensionaintegral.

After several applications of Barnes' rst lemma, d@idimensional integrahas to be treated.
We made no attempt here to simplify the situation by any of th@umerous tricks and reformulations
etc. known to experts.

The packageAMBRE.mis designed for a semi-automatic derivation of Mellin-Besn(MB)
representations for Feynman diagrams; for details and egxias of use see the webpabdp:
//prac.us.edu.pl/ gluza/ambre/ . The package is also available from
http://projects.hepforge.org/mbtools/

Version 1.0 is described in
[Gluza:2007rt]
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, the last released version is 1.2. We are releasing noworeiai0, which allows to construct
MB-representations for two-loopensorintegrals.

The package is yet restricted to the so-called loop-by-lamproach, which yields compact
representations, but is known to potentially fail for nomapar topologies with several scales. Ar

instructive example has been discussed in
[Czakon:2007wkK]

For one-scale problems, one may safely applWBRE.mto non-planar diagrams. For our
exampleV6l4dml, one gets e.g. with the 8-dimensional MB-representatioetsbed above the

following numerical output after running alskiB.m
[Czakon:2005rk]

(see also the webpagatp://projects.

hepforge.org/mbtools/ ),
ats= 11
1
V6ldm( s)? = 0:0522082= 0:17002+ 0:25606 + 4:67 2+ O( 3): (13)
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Compare this to an MB-integral for V6I0m

Was solved rst in

[Gonsalves:1983nq]

fupcl = m"2 FX[X[3] + X[4]]'2 - PR[k1 + pl1, 0] X[1] X[2] -
PRkl + pl + p2, m] X[2] X[3] - PRIkl - p2, m] X[1] X[4] -
S X[2] X[4] - PR[k1, 0] X[3] X[4]

fupc2 = -s X[2] X[3]-s X[1] X[4]-2 s X[3] X[4]
The function is a scale factor times a pure number

Ay Az Ay A

VEIOm = const( s) % 4 S+ -+ —+ Ag+ il

V6lIOm = (-s){-2 - 2 eps}
*
Gamma[-z1l] Gamma[-1 - eps - z1 - z2] Gamma]
1 + z1 + z3] Gamma[-1 - eps - z1 - z3 - z4] Gammal-z4] Gamma[
1 + z1 + z2 + z4] Gamma|
2 + eps + z1 + z2 + z3 + z4] Gammal-2 - 2 eps - z2 - z4 -
z5] Gammal-z5] Gamma|
1 - 2z1 + z5] Gammal[-2 - 2 eps - z3 - z4 - z6] Gamma[-z6] Gamma]
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3 +eps +z1 + z2 + z3 + z4 + z6] Gamma]
2 + 2 eps + z4 + z5 + z6]))/(Gammal-2 eps] Gamma]
1 - z1] Gammal-3 eps - z4] Gamma[3 + eps + z1 + z2 + z3 + z4])

integrals = MBcontinue[(-s) (2 + 2 eps) fin, eps -> 0, rules]

26 integral(s) found
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From 1= % until °: at most 4-dimensional

AMBRE output:

{-47.8911 + 1lleps™4 - 9.8696/eps™2 - 33.2569/eps}

1
0

-9.869604401660688 > -Pi"2
-33.25689147976733 > -(83/3 * Zeta[3)])

-47.89108304541082  -> (-59 Pi"4/120)

Try PSQL for a systematic study
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Tensor integrals
At the LHC, we need also massive 5-point and 6-point functiat least, for NLO corrections.

In general, the treatment of tensor integrals is a non-taivtask.

One might think that all tensor numerators may be reduced ®vén simpler) scalar
integrands. Important notice: FoL > 1, this is not true, we haverreducible numerators
see next slide.

For many problems, it i preferrable to evaluate the tensoithaut knowing the scalar
products. The reasons are di erent.
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Simple tensor integrals

Py B

B P;P1B2a2+ g Boo

and B, and Bjy; Byy have to be determined.

Z

1 dk k
(i %) _ DaiDy

1% dk Kk
(i ) DiD
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Reducible numerators

Some numerators are reducible { one may divide them out against the denominators:

2Kps [(k+p1)®> m3] [K* mi]+( mi+mi pj)
Dy [(k+ p1)2 m3] :::Dy Di[(k+ p1)2 m3]:::Dy
_ 1 1 .\ m2+ m3 p?

DiD3:::Dpn D>D3:::Dp D,D>D3:::Dp

This way one derives:

Z
1 plk
B = 2B = ddk

P PRI ELE T
— 1 1‘ ddk 1 1 + m%+ m% p%
- (i d:2)2 D1 D> D,D>

and nally:
1
B, = Z—p% Ao(ml) Ao(m2)+( m%+ m% p%)Bo(ml;mz;pz)

Known to everybody: The Passarino-Veltman reduction schem e for 1-loop tensors

worked out in
[Passarino:1979jh]

until 4-point functions.
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Irreducible numerators

For a two-loop QED box diagram, itise.g. L =2, E =4, and we have as potential
simplest numerators:
k?:k3;kiko and 2(E 1) products kipe; K2pe
compared to N internal lines, N =5;6;7. This gives
| =L+L(L 21)=2+L(E 1) N irreducible numerators
of this type. Here:
I(N)=9 N =4,3;2
This observation is of practical importance:
Imagine you search for potential masters. Then you may take i nto the list of masters at
most (here e.g.) 1(5) =4, or | (6) =3, or | (7) =2 such integrals.
Which momenta combinations are irreducible is dependent on the choice of momenta
OWS.
Message:
When evaluating all Feynman integrals by Mellin-Barnes-in tegrals, one should also learn
to handle numerator integrals
...and it is - in some cases - not too complicated compared to s calar ones

The one-loop case: L =1;E = N, so
I((N)=1+(E 1) N=0
irreducible numerators
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The vector integral di ers by some numeratoik; pe and thus there is a single shift in the integrand

k! k+ U(x)

R d 2 2
the d“k k=(k“+ “)! 0, and no further changes:

1MQ

M1 Qi

Z 1
d 1 W XN N d(L+1) =2 1 X
L i1 U (x)
Gk: )=( DV 2 dx; x;' 1 .
(DN o, - FoOh =
Here also a tensor integral:
|
N dL Z W , X ' Ux)N 2 dL+y =2
G(k1 k = ik 2 dx; X’ 1 i
(k1 k2 ) ( 1 (D) oo Xj X; . F()N  d= 2
X N §L 1g (Ve
[M11Qi] [M2 Q] 2 U (x)F (x) — 2| :
| N 7L 2 |

#

The 1-loop case WEI be used in the followihgtimes for a sequential treatment of ah-loop

integral (remember  x; D; = k?
N d Z1y

2
()i N) o

]

G([1; kpe]) ( M

dx; X
1

]
J

20k + J andF (x) = Q?

J):

1

[1; Qpe]

F ()M

d=2

1
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Another nice box with numerator, B5I3m( pe:k1)
We used it for the determination if the small mass expansion.
Z . Z . zZ . Z
m 4 ( 1)6\12345 g2 E +il +i1 +i1 +i1
B5I3 ki) = © _ d d d
TP ) “o [alls 2 ansli)t i1 i1 i1
( S)(4 2 ) ajp345 ( t)
[ 4+2 + apass + +  + ] [ 1 [ ] [
6 3 a12345 ] [7 3 a12345 1[5 2 aiz] [4 2 aizz 2 15 2 aizz 2
[2 a3 ] 4 2 12345 ]
1+ ag+ 6 3
B8 4 a112233445 2 2 2 19 4 a112233445 2 2 2 ] (Pe Ps) | ¢ |1
4 2 a1234 1[3 ar 18 4 a112233445 2 2 19 4 a112233445 2 2 :
L5 2 ai123 1[4 2 aizz 2 Jlar+ ][ 2+ +aps+ + + J+[ az+ ] (pe p1)]l7 3 é
4 2 a1234 18 4 a112233445 2 2 19 4 a112233445 2 2 2 ]
[3 ar 156 2 ai123 14 2 aiz 2 lJlar+ 1+ [2 an 1[4 2 1123 ]
L5 2 aizz 2 ][+ ar+ ] [ 2+ +ap+ + + ]+[6 3 a12345 1103 an ]
5 2 ai123 ] [4 2 aizz 2 Ilar+ ] ((pe (p1+ p2)) [5 2 a1234 109 i a112233:
B 4 a112233445 2 2 2 I 2+ +aps+ + + J+(pe p1) [4 2 a1234 ]
B 4 8112233445 2 2 109 4 a112233445 2 2 2 Il 1+ +aps+ + + ]
&
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Interlude: Tensor integrals, a bit background

Introducing  parameter representations for the propagators,

1 I
_ 1 i (K2 2 4
K mZei) ()Od expi ( m<+1i)
one may write e.g. for the L-loop integral with | internal lines and E external lines
Z Gy ...y
G(® dcki - '_i lkL expi(agky + 111+ a k)
1 CRCE I
' #
4 |
o, oa=2Y T lg 0t QGagia) X L,
= j2 _ _ — 1 expi 5 i(mi 1) ;
| = () o [D()] » =1
with the following notations:
G = ¢ mi+i;
VS X )S _
q = Lk, + iePe = Lak, + 6 ; 1 =1;:::10;
=1 e=1 =1

and the ! and . are equal to +1; 1,0, depending on the topology and on the
distribution of internal momenta. They are incidence matri ces of a diagram.

This formula represents a scalar integral for a =0, and for a 6 0 it is an auxiliary
representation for the treatment of tensor integrals.
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The Q and D forms may be determined to be as follows for the 1-loop case:

D = A
a 2
Q(;a) = DF  Z+E
with
X
A - I|2 (]
=1
E - I|e| iy
=1
F = (ei)2 i

Explicit expressions are given for D and the a-dependent part of Q for the convention
used in Figure ??. We may add the a-independent part Q(a =0) of the Q form here:

X
D = j
X 1,
Q = a i za +Q@=0);
X X X 2
Q(a=0) = DF E? = j « P Pk
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The Q and D forms may be determined to be as follows for the 2-loop case

D = AjA, MZ%
Q(;ai1;a8) = DF  AE] AEZ+2ME B+ Q(ag; ap);
and

X 2

Al — I|]_ |
=1

A2 — I|22 1
=1

M = il s
=1

E, = Lie i,
=1
X

F = (ei)2 i

The Q(a1;ay) is given in Section ??.
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General tensor reduction to scalars, L =1

The idea for 1-loop integrals and generalization to n-loops; | follow Tausk et al.
[Davydychev:1991va, Tarasov:1996br, Tarasov:1997kx]

d y
JMD (dy 151ty N) = lddlz(ztl)(li ..::()RN
N
r X 1
= (1 ( é) [of [au] *::xfon]™ 0 (1) :iiCOn)
JM(d+2(R ); 1+ 111 N+ )

+ )

where () = (( > are Pochhammer symbols and the sum runs over non-negative
integers such that 2 + ;+ :::+ N = R. The next step is to use recurrence relations
to reduce the scalar coe cients J(N) appearing in the decomposition to a set of master
integrals.

It is useful to introduce a notation for certain determinant s that occur in the recurrence
relations and their solutions. First, the determinant of an (N +1) (N +1) matrix,
known as the modi ed Cayley determinant

[Melrose:1965kb]
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0O 1 1 1
1 Yii Yo i Yin
On 1 Yz Yo i1 Yoo (14)
1 Yin Yon o i YNN
with coe cients
Yi = (G g)+mf+m?; (i =1:::N): (15)

Although the masses of the propagators appear in the coe cie nts Y; , the determinant
()n does not depend on them and it is actually proportional to the Gram determinant
of the external momenta of the N -point function in eq. (14). All other determinants we
need are signed minors of (), constructed by deleting m rows and m columns from

(O~ , and multiplying with a sign factor. They will be denoted by
0 1

@1 12 Jm A ( 1)P|(j|+k|)

ki ko Km
N

sgn .. sgn, rows j1  Jm deleted _ (16)
19 “9 columns k; k., deleted ’
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where sgny;, and sgry,, are the signs of permutations that sort the deleted rows
j1  Jm and columns k;  ky, into ascending order.

Combining integration by parts identities with relations ¢ onnecting integrals in di erent

space-time dimensions
[Tarasov:1996br]

, one obtains the following basic recurrence relations
[Fleischer:1999n(]

#
.t N J X ] N
On ji73M(d+2) = + k IMN(d);
. 0 N k=1 k N
X X #
@ = D0 IM@+) = 0k I
i=1 N k=1 N
#
_ X X _
73 = d (ki +1) IMN(a):
0y Ok .

where the operator j acts by shifting the index ; by 1.
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Recurrence relations: An application

1
d 4

1
2

1 d 2Am?)  2d 3

Co(m; 0:m:m?: m?:s) = Bo(m:m:s
of ) S 4m? d 4 m? d 4 of )
1 1 5
V32m = — T11m + SE2I2m

This relates UV-divergent quantities with one which is IR-d ivergent!
Derivation:
| do not know a simple one.

With use of recurrence relations published in

(17)

[Tarasov:1996br,Fleischer:1999nq]

it may be done. See

[Fleischer:2006ht]

0

o 3 = 0, one of the recurrence relations

Because the am determinant vanishes,
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expresses the vertex by a self-energy with 2 massive lines ind 2 dimensions:

11] X3 #
(d 4)()3|§d) _ 0] 0) K l(d 2) _ éd 2)(m;m)

The dimension of the 2-point function may be raised by anothe r recurrence relation,
but now one line will be dotted:

13 2 (mym)y= 2" 13(m;m); (18)

The dot may be removed, in general form, by expressing a dotte d function by itself, but
undotted, plus extra terms with one line less, but a dotted on e:

#

0 0 X 01
1t () SNCIE) {4 kit (19)
0 2 1 2 iki 6k 0k 2

Here the latter is a dotted tadpole, and that is proportional to the tadpole itself, and
we get the relation needed. (In general, iterations do the jo b here.)

Direct evaluation shows:
Ao(m)

Ao(m)dot = —(d 2)




TTT ®elpul ‘pegeye|lv ‘ddvO3d } 6002 do4 02-9T } uuewsary ‘1 pue eznor

¥

%

hexagon package in Mathematica and (yet) unpublished Fortr an code
The packages evaluate

6-point functions up to tensor rank 4

5-point functions up to tensor rank 3

6-point functions up to tensor rank 4
[Fleischer:1999hq,Diakonidis:0901.4455,Diakonidi€@8ij]
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One reduction: 5-point tensor, rank three

x4 x4
G G GEik + g q<]EOOk;
ik =1 k=1

where
d q'=g a+9 4 +g q;
with scalar coe cients de ned by

X5 45,5
Eijk = Si'la
s=1
X
3;st | st 2;stu | stu .
+ Sik 1z + Sik 12
sit=1 s;ittu =1

(20)

(21)
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with

: 1
Siéf,s —
jk 0 2
30555
Os Os Os L s Os
Ok . is ¢ js ¢ js ¢ Os ¢
Os Oi Os 0j Os
+ . + .
Os . sk ¢ js ¢ sk o is .
+(i$ K)+(] $ Kk);
S-:-T(St _ 1 i Os ts Os
i 5 . .
30,5 Ok o is ¢ |s 5,
+ IS ts + 2 5 (i)sstt S ts
0s St is
IS 5 5 st 5 15 5
Oi Os N 0j Os ts
sk ¢ js ¢ sk o is ¢ Os
Oi ts N 0j ts
sk ¢ JS s Sk ¢ is ¢
S Ost
e *(i8 K+ 8 k)
st 5

(22)

(23)




&

~
4
(Q\
N’
o)
]
St
= .9
o)
—
o wn
— |\
o)
w0 8 ..
—~
LO 4= N
" un " 5$
o) O 4o —
A |non %..&(
w £ 0 +
L N
e 0s
wx O v &
O O —
+
=)
(7]
0))
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and

Os S
0. s ¢ j
)(5 S ust

Ost 5

)

situ =1 5 s 5 st 5

I S st
J

Os 5

5 st 5

{s
Os

| stu
2

5

The decomposition in eq. (20) is equivalent to the one foundref.

(25)

[Denner:2002ii]

, Where the coe cientsEjx and Eqg are expressed in terms of tensor 4-point functions. Here
instead, they are completely reduced to a basis of scalarteraategrals consisting of boxds;,
verticesl §t, and 2-point functionsl 3 obtained by removing lines, s andt, or s, t and u from

the pentagon.
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Summary

We have introduced to the representation bfloop N -point Feynman integrals of general
type

The determination of the -poles is generally solved
The remaining problem is the evaluation of the multi-dimensal, nite MB-Integrals

This is unsolved in the general case, so you have something to do if you like to ...

Problem:Determine the small mass limit of B512m2 or of any other of tAdoop boxes for

Bhabha scattering.
Prof. Gluza may check your solution.
He leaves soon.
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On-shell exampleB412m, the 1-loop on-shell box

den = (x4 d4 + x5 d5 + x6 d6 + x7 d7 // Expand) /. kinBha /. m2 -> 1 /I

Q = -Coefficient[den, Kk]/2 /I Simplify
= p3 x4 + p2 x5 - pl (x4 + X6)

<
I

Coefficient[den, k2] /I Simplify
= x4 + x5 + x6 + x7 > 1

J =den /. k -> 0 /[ Simplify
=t x4

FIx] = (Q2 -J M // Expand) /. kinBha /. m2 > 1 /. u ->-s -t + 4 /| E
= (X5+x6)"2 + (-S)x5x6 + (-t)x4x7

B4l2ma

Mb[(X5+x6)°2, -tx7x4 - sx5x6, nu, ga]

B4l2mb

B4l2ma /. (-sx5x6 - tx4x7)°(-ga - nu) ->
mb[(-s)x5x6, (-t)x7x4, nu+ga, de]
1.((-s)x5x6)"de_ -> (-s)'de x5°de x6°de
1.((x56°2) ga -> (x5 + x6)7(2ga)

Expand

xpand
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(inv2pil"2(-s)"de x5°de x67de ((x5 + x6)7(2ga)((-t)x4x7) "(-de-ga-nu)
Gammal-de] Gammal-ga] Gammade + ga + nu] /Gammal[nu]

B4l2mc = B4l2mb /. (x5 + x6)°(2ga) ->
mb[x5, x6, -2ga, si]
[. ((-x4x7)°si_ -> (-t)'si x4"si x77si /[ ExpandAll

1/(Gammal-2ga] Gamma|nu])
inv2pil’3  (-s)’de (-t)°(-de - ga - nu)
x4°(-de - ga - nu) x5°(de + si) x6°(de + 2 ga - si) x7°(-de - ga - nu
Gammal-de] Gammal-ga] Gamma] de + ga + nu] Gamma[-si] Gamma] -2ga +

B4l2md = xfactord[a4, x4, a5, x5, a6, x6, a7, x7] B4l2mc

... (-S)"de (-t)"(-de-ga-nu)

x4"(-1+a4-de-ga-nu) x57°(-1+a5+de+si) x6°(-1+a6+de+2ga -si) x7°(-1+a7- de-ga-nu)
B4l2me =
B4l2md /.
x4°B4_ x5B5_ x6'B6_ x7'B7_ -> xint4[x4°B4 x5B5 x6"B6 x7°B 7]

Si]
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B4l2mf

->

= B4l2me /.
Gammala6 + de + 2 ga - siJlGamma[-sijGamma[ a5 + de + si] Gammal-
barnel[si, a5 + de, -2 ga, a6 + de + 2 ga, 0]

This nishes the evaluation of the MB-representation f&412m .

2 ga + sif




&

Package: AMBRE.m (K. Kajda, with support by J. Gluza and TR)
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Example beyond Harmonic Polylogs: QED Box B4l2m
[Fleischer:2006ht]

FX] = (X5+x6)2 + (-S)x5x6 + (-t)x4x7

B4l2m, the 1-loop QED box, with two photons in the-channel; the Mellin-Barnes
representation reads for nite:

. L Zen Zan
B4I12m = Boxt;s) = T2 e @i . dz; ; dz, (26)
( (S)tz)lz(lr?zzzz 2+ +z+2] +z][ zll 2zl
2[ 1 2 2] [ 2 2 2z]

[ 2 2 22, 222]

Mathematica packageMBused for analytical expansion! O:
[Czakon:2005rk]
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B4l2m= 1J1+|n( )i+ = (2) In?( s) Ji 2, (27)
with J1 being also the divergent part of the vertex functiolCo(t; m; O;m)=s = V3I2nEs (as is
well-known):

Z 1.
e £ 1 2+il m2 “* 3 z][1+ z] 1 2
= — d = In 28
. st 21 Lo 4 t [ 2z4] m2sl y? (y) (28)
with
P
yo 1 4m?=t 1)
(1 4m2=t+1)
The J, is more complicated:
e E 1 z a*il S 21 7
= . — 2(1 + 1+ 29
J2 t2 (2|)2 3 i dz; t [ z]l ( z1)] “[ Z1] (29)
Z 1.
§+|l m2 , 2[ 1 71 22]
— 2 2+ + :
T ey
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The expansion of B4I12m at small m? and xed value of t
With

my = , (30)
; (31)

Look, under the integral, a{ m?=t)?2,
and close the path to the right.
Seek the residua from the poles offunctions with the smallest powers im? and sum the
resulting series.
we have obtained a compact answer fby with the additional aid ofXSUMMER
[Moch:2005uc]
The box contribution oforder in this limit becomes:
1" 2
B4l2nt; s;m?; +1] = 5 48 9 oIn(my) + §In3(mt) +6 LIn(r) In?(my)In(r) (32)
1
+ §In3(r) 6 oIn(@+ r)+2In( nNIn(r)in(L+ r) In?(r)in(X+ r)

0
+2In(r)Lio(L+ r)+2Li3( r) + O(my):

Remark:
The exact Box function is NOT expressible by Harmonic Pajdpone may introduce a
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generalization of them: Generalized HPLs.
Automatized tools for this might be developed.

A scetch of the small mass expansion may be made as follows.

First the 1-dim. integrald;.
The leading term comes from the rst residue:

J1 = Residue[m_t"z1 Gammal-z1]'3 Gamma[l + zl])/Gammal-2 z1 l, {z1, O}

= 2 Log[m_{t]

WE get a logarithmic mass dependence.
The second integral: Start witlz,, rst residue is:

12 = Residue[ m_t"z2 Gammal-z2] Gammal[-1 - z1 - z2]2
Gammal2 + z1 + z2)/Gammal-2 - 2 z1 - 2 z2], {z2, 0}]

[ 1 z]P[2+ zi]
[ 2 2z]

The residue is independent ofi’=t.
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It has to be integrated over; yet, together with the terms which were independent f

Z
.\ 1 z1]°[2+ z
P dzir®™ [ zi][ 2 2z][1+ 21]2[ [ 21] [221] 1
Sum over residues, close path to the left:
Residue[zy = n] = (ot " 2+( 1+n)? 2+( 1+n)In[r]2+( 1+ n)In[r]
L ~ 2( 1+n)3
Residue[z; = 1] = %(3 2In[r]+1In[r]®)
and nally:
)3
|, Residue[z; = 1]+ Residug[z; = n]
n=2

The sum can be done also withoput using XSUMMER (here at [gasg.

Ingty n 2 2 2 2y,.1 n
( D" (2+ 2n <+ n )r I _ . B
In[r] - 2( 1+ ) = 3 In(1+1=r) 2Liz( 1=r)

etc
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Some routines in mathematica which may be used:

(*» Barnes' first lemma: \int d(si) Gamma(silp+si)\Gamma(si2p
with 1/inv2pil = 2 Pi | *)

barnel[si_, silp_, si2p_, silm_, si2m_] :=
1/inv2pil Gamma(silp + silm] Gamma[silp + si2m] Gamma[

si2p + silm] Gamma][si2p + si2m] /Gamma]silp + si2p + silm + si2 m|
(* Mellin-Barnes integral: (A+B)"(-nu) = 1/(2 Pi I) \int d(si) a'si b°(-nu - si)
Gammal[-sijGamma[nu+si]/Gammal[nu] *)

mb[a_, b_, nu_, si_]:=inv2pil a’si b*(-nu-si)Gammal-si|G amma[nu+sil/Gammalnu]

+si)Gamma(silm-si)Gamma(si2m-si)

(* After the k-integration, the integrand for \int\prod(dxi X i"(ai - 1))\delta(1-\sum xi)

will be (L=1 loop) : xfactorn F°(-nu) Q(xi).pe with nu = al + ..
xfactor3[al , x1 , a2 , x2 , a3, x3 ] =
I Pi"(d/2) (-1)"(al + a2 + a3) x1(al - 1) x2°(a2 - 1)x3 (a3 - 1) Gamma]
al + a2 + a3 - d/2)/(Gamma[al]lGammala2]Gammala3])

(* xinti - the i-dimensional x - integration over Feynman param eters /16 06 2005

xint3[x1_"(al ) x2_"(a2_) x3_"(@3) ] =
Gammalal + 1] Gammala2 + 1] Gammala3 + 1] / Gammalal + a2 + a3 + 3]

+ an - d/2

*)

*)
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Feynman integrals: scalar and tensor integrals, shrinked and
dotted ones

Just to mention what kind of integrals may appear:

diagrams with numerators:
(k;

. . o R
tensors arise from internal fermion lines:  d%; CH Py) My

Pn)? m%

diagrams with shrinked and/or with dotted lines: a sample re lation see next page

relations to simpler diagrams may shift the complexity: ;= 5

1 d 2 Aym?)  2d

C O . 2. 2. — B : :
o(m; 0;m; m“; m<; s) s aZ d 4 m? T2 o(m;m;s)
1 5 4
V32m = S 14 T11im + — SE2I2m (33)
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2 D D d
e E d” kid” ko (kik2)
SE3l2nfa:b:c:d = :
nta;bic:d 5 [kt ke p)? mIPCF [ mIf
SE3I2m = SE3I2n{l;1;1;0)
SE3I2md = SE3I2nfl: 1 2:0)
SE3I2mN = SE3I2n{l;1;1; 1)
SE32md = ¥ Sg+4(2+ S) sezzm 21 ) T1)1n? +3 SE3I2mN:
1 1 1 5, 1+x 1+x%2 1,
= — + — + + _
227 3 7 T XM gz M)+ 00)
SE3I2m SE3I2md SE3I0m
Y @ _____ sy
NI P
SE3I3m SES5I3m SE3I1m

Figure 1. The six two-loop 2-point masters of Bhabha scaitter
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More legs, more loops

Seek methods for an (approximated) analytical or numerical evaluation of more involved
diagrams

Remember: UltraViolet (UV) und InfraRed (IR) divergencies appear
Might try:
same as for simple one-loop: Feynman parameters, direct int egration

use algebraic relations between integrals and nd a (minima [) basis of master
integrals { is a preparation of the nal evaluation

derive and solve (system of) di erential equations
derive and solve (system of) di erence equations

do something else for a direct evaluation of single integral s { of all of them or of
the masters only

Into the last category falls what we present here:
Use Feynman parameters and transform the problem




